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Abstract
In this paper, we consider the superconvergence of a mixed covolumemethod on the quasi-uniform triangular grids for the variable
coefﬁcient-matrix Poisson equations. The superconvergence estimates between the solution of the mixed covolume method and that
of the mixed ﬁnite element method have been obtained. With these superconvergence estimates, we establish the superconvergence
estimates and the L∞-error estimates for the mixed covolume method for the elliptic problems. Based on the superconvergence of
the mixed covolume method, under the condition that the triangulation is uniform, we construct a post-processing method for the
approximate velocity which improves the order of approximation of the approximate velocity.
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1. Introduction
In this paper, we consider the mixed covolume method for the variable coefﬁcient-matrix Poisson equation in a
polygonal convex domain  ⊂ R2,
−∇ · (A∇p) = f in , (1.1)
subject to a Neumann boundary condition
A∇p · n = 0 on , (1.2)
or a Dirichlet boundary condition
p = g on . (1.3)
Here A = (aij (x))2×2 is a symmetric and uniformly positive deﬁnite matrix function in : there exist two positive
constant 1, 2 > 0 such that
1
T T A(x)2T , ∀x ∈ , ∀= (1, 2) ∈ R2.
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The function f satisﬁes the compatibility condition ∫ f dx = 0. Furthermore, for numerical analysis we assume that
= A−1 = (ij (x))2×2 is locally Lipschitz continuous.
Introduce a new variable u = −A∇p and write the problem (1.1) as the system of two ﬁrst-order partial differential
equations{
u + ∇p = 0 in ,
div u = f in . (1.4)
This system can be interpreted as modeling an incompressible single phase ﬂow in a reservoir, ignoring gravitational
effects. The variable p represents the pressure and u represents the Darcy velocity and A is related to the permeability
tensor. The ﬁrst equation is the Darcy law and the second represents conservation of mass with f standing for a source
or sink term [10].
In the application, accurate velocity approximation is required and it is desirable that the conservation principle be
satisﬁed locally. It is well known that separating the Darcy law from the second equation and discretizing it directly
together with the mass conservation may lead to a better numerical treatment on the velocity than just computing it from
the pressure via the Darcy law. This approach is well known in the mixed element methods and the mixed covolume
methods [2,4,6–8,10–12,15,18,17,19,21]. Chou et al. [6], Chou and Kwak [4] have considered the mixed covolume
methods for the problem (1.1) in the lowest-order Raviart–Thomas space on the triangular grids and the rectangular
grids, respectively, and established the ﬁrst-order optimal rate of convergence for the approximate velocities in the L2-
and H(div,)-norms as well as for the approximate pressures in the L2-norm.
On the other hand, many authors have studied the superconvergence of the covolume methods (also called the ﬁnite
volume element methods), see [1,5,13,14,16,21,22]. Recently, Rui [21] has considered the superconvergence of the
mixed covolume methods for the elliptic problems in the lowest-order Raviart–Thomas space on rectangular grids and
established the superconvergence in the certain discrete norms both for the pressure and velocity.
In this paper, we derive the superconvergence estimates between the solution of the mixed covolume method and
that of the mixed ﬁnite element method for the problem (1.1) with the Neumann boundary condition in detail without
any extra assumption on the ﬁnite element triangulation except quasi-uniform. We point out in Remark 3.5 below that
these superconvergence estimates between the two discretization methods also hold for the Dirichlet problem. With
these superconvergence estimates, by means of the L∞-error estimates and the superconvergence estimates for the
mixed ﬁnite element method, we get the L∞-error estimates and superconvergence estimates for the mixed covolume
method for the problem (1.1). Based on the superconvergence for the mixed covolume method, under the condition
that the triangulation is uniform, we construct a post-processing method for the approximate velocity which improves
the order of approximation of the approximate velocity.
The remainder of this paper is organized as follows. In Section 2, we describe the mixed covolume method and
the mixed ﬁnite element method for the problem (1.1) and give some lemmas which will be used in later analysis. In
Section 3, we derive the superconvergence estimate between the solution of the mixed covolume method and that of
the mixed ﬁnite element method. The superconvergence estimates, a post-processing of the approximate velocity and
the L∞-error estimates for the mixed covolume method are developed in the last section.
Throughout this paper, the symbol C will denote a generic positive constant independent of the mesh parameter and
may take on different values in different places.We also adopt the deﬁnitions and notations of Sobolev spaces and their
norms and semi-norms as in [3,9].
2. Mixed covolume method
In this section, following the mixed covolumemethod in [6], we present the mixed covolumemethod for the problem
(1.1) and give some lemmas which will be used in the superconvergence analysis.
For the problem (1.4) with the Neumann boundary condition (1.2), we adopt H0(div,) × L20 as the weak solution
space, where
H0(div,) = H(div;) ∩ {u · n = 0 on }, (2.1)
L20 =
{
q ∈ L2():
∫

q dx = 0
}
. (2.2)
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The space H(div;) is the set of all vector-valued functions v ∈ L2()2 such that div v ∈ L2() and its norm is
deﬁned as
‖v‖2H(div;) = ‖v‖20, + ‖div v‖20,. (2.3)
The corresponding variational formulation of the ﬁrst-order system (1.4) is: Find (u, p) ∈ H0(div,) × L20 such
that {
(u, v) − (p, div v) = 0, ∀ v ∈ H0(div,),
(div u, q) = (f, q), ∀ q ∈ L20().
(2.4)
In order to describe the mixed covolume method for the problem (1.1), we ﬁrst construct the partition Th of the
domain  and the corresponding dual partition T ∗h . Let Th = {KQ} be a quasi-uniform (regular) triangulation of the
domain , see [3,9], where KQ is the triangle with the barycenter Q, and h = max{hKQ}, hKQ is the diameter of the
triangle KQ. The nodes of a triangular element KQ are the midpoints of the edges of KQ. Let P1, P2, . . . , PNS denote
the nodes belonging to the interior of  and PNs+1, . . . , PN the nodes on the boundary . Based on the partition Th,
we select the lowest-order Raviart–Thomas mixed space Hh × Lh as the trial function space,
Hh = {vh ∈ H0(div,): vh|K = (a + bx, c + by),∀K ∈ Th}, (2.5)
and
Lh = {qh ∈ L20(): qh|K is constant, ∀K ∈ Th}. (2.6)
For any function vh = (wh, vh) ∈ Hh, we deﬁne the discrete seminorm and norm as follows:
|vh|21,h =
∑
K∈Th
(‖∇wh‖20,K + ‖∇vh‖20,K), (2.7)
and
‖vh‖21,h = ‖vh‖20 + |vh|21,h. (2.8)
It follows from (2.3), (2.7) and (2.8) that
‖vh‖1,h‖vh‖H(div), ∀vh ∈ Hh. (2.9)
The standard mixed ﬁnite element method of the mixed formulation (2.4) is: Find (u˜h, p˜h) ∈ Hh × Lh such that{
(u˜h, vh) − (div vh, p˜h) = 0, ∀ vh ∈ Hh,
(div u˜h, qh) = (f, qh), ∀ qh ∈ Lh.
(2.10)
Next, we construct the dual partition T ∗h of Th in the same way as that in [6]. Choose the barycenter of K ∈ Th and
connect it with three vertices of the element K. Then we partition K into three subtriangles. For any interior node P,
which is the midpoint of the edge e, the dual element K∗P is the quadrilateral consisting of the two subtriangles which
have e as their common edge. For any node P on the boundary , the corresponding dual element is the subtriangle,
where P is one of the midpoints of its edges. The dual partition T ∗h is the union of the interior quadrilaterals and the
border triangles.
Referring to Fig. 1, letK∗P3 (dashed quadrilateral in Fig. 1) be an interior dual element, which is consisting of the two
subtriangles KL (the triangle 
A1Q1A3 in Fig. 1) and KR (the triangle 
A1Q2A3 in Fig. 1). We deﬁne the operator
h:Hh → L2()2 as follows:
hvh =
NS∑
j=1
(vh|KL(Pj )K∗j ∩KL + vh|KR(Pj )K∗j ∩KR), (2.11)
where G is the characteristic function of the set G. The test space associated with the Darcy law is deﬁned as
Yh = R(h) = the range of h.
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Fig. 1. Primal and dual domains.
From the deﬁnition of the operator h, we know that the function wh ∈ Yh is a piecewise constant vector function.
It takes on different constant vectors on the left and right parts of an interior dual element and is zero vector on any
boundary dual element. Note that the two constant vectors wh|KL and wh|KR must satisfy
wh|KL · n = wh|KR · n,
where n is a ﬁxed normal unit vector to the common edge of KL and KR . Obviously, the transfer operator h sets up a
one-to-one correspondence between the trial and the test spaces and dim Yh = dim Hh.
In the standard mixed ﬁnite element method, one should use only Th to deﬁne the discrete weak formulation. In
the mixed covolume method, we will use two partitions: a primal partition Th over which to integrate the local mass
conservation and a dual partition T ∗h to integrate the Darcy law.
For uh ∈ Hh, wh ∈ Yh and ph, qh ∈ Lh, let
a(uh,wh) =
∫

uh · wh dx, c(uh, qh) =
∫

qhdiv uh dx.
b(wh, ph) = −
NS∑
i=1
(
wh(Pi)|KL ·
∫
K∗Pi ∩KL
phn ds + wh(Pi)|KR ·
∫
K∗Pi ∩KR
phn ds
)
.
The mixed covolume scheme for the problem (1.1) is: Find (uh, ph) ∈ Hh × Lh such that{
a(uh, hvh) − b(hvh, ph) = 0, ∀ vh ∈ Hh,
c(uh, qh) = (f, qh), ∀ qh ∈ Lh.
(2.12)
Set
A(uh, vh) = a(uh, hvh) = (uh, hvh), ∀uh, vh ∈ Hh,
and
B(vh, qh) = b(hvh, qh), ∀vh ∈ Hh, qh ∈ Lh.
Reading the proof of Lemma 2.1 in [6] carefully, we found a consistent typo in [6]. Chou et al. [6] actually have
shown that B = c, so that (2.12) becomes{
A(uh, vh) − B(vh, ph) = 0, ∀ wh ∈ Hh,
B(uh, qh) = (f, qh), ∀ qh ∈ Lh.
(2.13)
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The ﬁrst-order convergence of the solutions of (2.13) is established in Theorem 3.1 in [6] by comparing the mixed
covolume method and the mixed ﬁnite element method: let (uh, ph) be the solution of the problem (2.13) and (u, p)
of the problem (2.4), then there exists a positive constant C independent of h but dependent on ‖‖∞ such that
‖u − uh‖H(div) + ‖p − ph‖0Ch(‖u‖1 + ‖div u‖1 + ‖p‖1), (2.14)
provided that u ∈ H1(), div u ∈ H 1(), p ∈ H 1().
The coercivity of the bilinear A(·, ·) has been shown in [6].
Lemma 2.1 (see Chou et al. [6]). There exists a constant  independent of h such that
‖vh‖2H(div)A(vh, vh), ∀vh ∈ Hh,
with div vh = 0.
Since B = c, then the bilinear form B satisﬁes the well-known inf–sup condition [19].
Lemma 2.2. There exists a positive constant  independent of h such that
‖qh‖0 sup
0 =vh∈Hh
B(vh, qh)
‖vh‖H(div) , ∀qh ∈ Lh.
Note that by (2.13), Lemma 2.2 and the boundedness of the bilinear forms A and B, the mixed covolume method
(2.12) is well posed.
Next we describe the approximation properties of h which have been shown in [6].
Lemma 2.3 (see Chou et al. [6]). The transfer operator h is bounded
‖hvh‖0‖vh‖0, ∀vh ∈ Hh. (2.15)
There exists a constant C independent of h such that
‖(I − h)vh‖0Ch‖vh‖1,h, ∀vh ∈ Hh. (2.16)
The following Lemma 2.4 will be used in later superconvergence analysis.
Lemma 2.4. For any function vh ∈ Hh, we have∫
K
(vh − hvh) dx = 0. (2.17)
Proof. Let vh = (wh, vh). Noting that the midpoint quadrature rule∫
K
	 dx = 1
3
|K|
3∑
i=1
	(Pi),
where Pi are the midpoints of the sides of K, is exact for quadratic polynomials, then we get ’
∫
K
vh dx =
(∫
K
wh dx∫
K
vh dx
)
= 1
3
|K|
⎛⎜⎜⎝
3∑
i=1
wh(Pi)
3∑
i=1
vh(Pi)
⎞⎟⎟⎠ . (2.18)
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From the deﬁnition of h in (2.11) and noting the dual partition is the barycenter dual partition, we have
∫
K
hvh dx =
⎛⎜⎜⎝
3∑
i=1
∫
K
wh(Pi)K∗i ∩K dx
3∑
i=1
∫
K
vh(Pi)K∗i ∩K dx
⎞⎟⎟⎠= 13 |K|
⎛⎜⎜⎝
3∑
i=1
wh(Pi)
3∑
i=1
vh(Pi)
⎞⎟⎟⎠ . (2.19)
Then the desired result (2.17) follows from (2.18) and (2.19). 
3. Superconvergence estimates of uh − u˜h and ph − p˜h
In this section, we present the superconvergence estimates between the solution of the mixed covolume method and
that of the mixed ﬁnite element method without any extra conditions on the triangulation Th except quasi-uniform,
which implies that the mixed covolume method is in close relationship with the mixed ﬁnite element method.
Lemma 3.1. Let wh, vh ∈ Hh, then
|a(wh, (I − h)vh)|Ch2‖wh‖1,h‖vh‖1,h. (3.1)
Proof. Weintroduce thepiecewise constant space associatedwith the triangulationTh. LetWh={v: v|K=constant,∀K ∈
Th} and let ¯ be the L2 orthogonal projection of (x) = (ij (x)) onto (Wh)4; i.e.,
¯ij |K = 1
meas(K)
∫
K
ij (x) dx, 1 i, j2, ∀K ∈ Th.
From the deﬁnition of ¯, we have
|ij |K − ¯ij |K |ChK‖ij‖1,∞,K . (3.2)
For any function wh ∈ Hh, we deﬁne wh,c ∈ (Wh)2 as follows:
wh,c|K = wh(Q),
where Q is the barycenter of the element K.
Noting that wh is a piecewise linear vector function, then we have
‖wh − wh,c‖0Ch‖wh‖1,h. (3.3)
It follows from Lemma 2.4 that
a(wh, (I − h)vh) = (wh, (I − h)vh)
= ((− ¯)wh, (I − h)vh) + (¯wh, (I − h)vh)
= ((− ¯)wh, (I − h)vh) + (¯(wh − wh,c), (I − h)vh). (3.4)
From (3.2) and Lemma 2.3, we have
|((− ¯)wh, (I − h)vh)|Ch2‖wh‖0‖vh‖1,h. (3.5)
From (3.3) and Lemma 2.3, we get
|(¯(wh − wh,c), (I − h)vh)|Ch2‖wh‖1,h‖vh‖1,h. (3.6)
Combining (3.5), (3.6) with (3.4) yields the desired result (3.1). 
Remark 3.2. The following estimation for |a(wh, (I − h)vh)| has been obtained in [6],
|a(wh, (I − h)vh)|Ch‖wh‖1,h‖vh‖1,h.
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In this paper, by means of Lemma 2.4, we can get the supercloseness between the bilinear forms a(wh, vh) and
a(wh, hvh) which corresponds to the mixed ﬁnite element method and the mixed covolume method, respectively.
We now prove the superconvergence estimates between the solution of the mixed covolume method and that of the
mixed ﬁnite element method.
Theorem 3.3. Let (u, p) be the solution of (1.4) and u ∈ H1(), div u ∈ H 1(), p ∈ H 1(), (uh, ph) and (u˜h, p˜h)
be the solution of (2.13) and (2.10), respectively. Then there exists a positive constant C independent of h but dependent
on ‖‖0,∞ such that
‖uh − u˜h‖H(div) + ‖ph − p˜h‖0Ch2(‖u‖1 + ‖div u‖1 + ‖p‖1). (3.7)
Proof. The standard mixed ﬁnite element method (2.10) can be rewritten as follows: Find (u˜h, p˜h) ∈ Hh × Lh such
that
a(u˜h, vh) − B(vh, p˜h) = 0, ∀vh ∈ Hh, (3.8)
B(u˜h, qh) = (f, qh), ∀qh ∈ Lh. (3.9)
Subtracting the second equation of (2.13) from (3.9), we have
B(u˜h − uh, qh) = 0, ∀qh ∈ Lh. (3.10)
Subtracting the ﬁrst equation of (2.13) from (3.8) yields
a(u˜h − uh, hvh) + a(u˜h, (I − h)vh) − B(vh, p˜h − ph) = 0. (3.11)
Replace the function vh above by e˜h = u˜h − uh and use (3.10) to obtain
a(e˜h, he˜h) = −a(u˜h, (I − h)e˜h). (3.12)
By (3.10) and B = c, we have
c(u˜h − uh, qh) =
∫

qh · div(u˜h − uh) dx = 0, ∀qh ∈ Lh, (3.13)
which implies that
div(u˜h − uh) = 0. (3.14)
It follows from (3.12), Lemma 2.1 and Lemma 3.1 that
‖e˜h‖2H(div)Ch2‖u˜h‖1,h‖e˜h‖1,h.
Then, from the error estimates for the standard mixed ﬁnite element method [20],
‖u − u˜h‖H(div) + ‖p − p˜h‖0Ch(‖u‖1 + ‖div u‖1 + ‖p‖1), (3.15)
the triangle inequality and ‖vh‖1,h‖vh‖H(div), we have
‖e˜h‖H(div)Ch2(‖u‖1 + ‖div u‖1 + ‖p‖1). (3.16)
Next, we derive the superconvergence estimate for h = p˜h − ph in the L2-norm. From the inf–sup condition and
(3.11), we obtain
‖h‖0 sup
0 =vh∈Hh
B(vh, h)
‖vh‖H(div)
= sup
0 =vh∈Hh
a(u˜h − uh, hvh) + a(u˜h, (I − h)vh)
‖vh‖H(div) . (3.17)
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From the Cauchy–Schwarz inequality, (3.16) and Lemma 2.3, we have
|a(uh − u˜h, hvh)| = |(uh − u˜h, hvh)|
‖uh − u˜h‖0‖hvh‖0
Ch2(‖u‖1 + ‖div u‖1 + ‖p‖1)‖vh‖0. (3.18)
It follows from Lemma 3.1, (3.15) and the triangle inequality that
|a(u˜h, (I − h)vh)|Ch2‖u˜h‖1,h‖vh‖1,h
Ch2(‖u‖1 + ‖div u‖1 + ‖p‖1)‖vh‖1,h. (3.19)
Then, from (3.17)–(3.19) and ‖vh‖1,h‖vh‖H(div), we get
‖h‖0Ch2(‖u‖1 + ‖div u‖1 + ‖p‖1). (3.20)
The desired result (3.7) follows from (3.16) and (3.20). 
Remark 3.4. For the mixed covolume method constructed in this paper, since div(u˜ − uh) = 0, then by (2.3), (3.7)
we have
‖u˜h − uh‖0 = ‖u˜h − uh‖H(div)Ch2(‖u‖1 + ‖div u‖1 + ‖p‖1). (3.21)
Theorem3.3 shows that, for the approximate velocities in theL2- andH(div;)-norms, for the approximate pressures
in the L2-norm, the deviation between the solutions of the two discretization methods (2.10) and (2.13) is one order
higher than their approximate errors, respectively.
Remark 3.5. When we deal with the Dirichlet problem, Hh × Lh should be the lowest-order Raviart–Thomas space
belonging to H(div;) × L2(). With this substitution, Theorem 3.3 is still valid for the Dirichlet problem.
Remark 3.6. Chou et al. [6] have proved the ﬁrst-order optimal rate of convergence for the approximate velocities
in the L2- and H(div,)-norms as well as for the approximate pressures in the L2-norm. However, the numerical
experiments reported in [6], which give the error behavior of p − ph(p˜h), u1 − uh,1(u˜h,1) and u2 − uh,2(u˜h,2) in the
discreteL2-norms for the mixed covolume scheme and the standard mixed ﬁnite element scheme, suggest second-order
approximation in all variable in the discrete L2-norms and illustrate the superconvergence estimates developed in this
section.
4. Superconvergence of mixed covolume method
In this section, based on Theorem 3.3, by means of the L∞-error estimates and the superconvergence estimates
for the mixed ﬁnite element method, we get the L∞-error estimates and superconvergence estimates for the mixed
covolume method for the elliptic problem (1.1). Furthermore, under the condition that the triangulation is uniform, we
construct a post-processing method for the approximate velocity which improves the order of approximation of the
approximate velocity.
Brandts [2] has established the superconvergence for the vector variable u˜h when the lowest-order triangular mixed
ﬁnite element of Raviart–Thomas type [19] are used to solve the elliptic problems. For the approximation u˜h of the
vector ﬁeld u, Brandts has proved that ‖u˜h − 
hu‖0 is of higher order than ‖u − u˜h‖0, where 
hu is the so-called
Fortin interpolation of u.
In this paper, based on the superconvergence estimates between the solution of the mixed covolume method and that
of the mixed ﬁnite element method, we can easily get that the deviation between the solution uh of the mixed covolume
method and the Fortin interpolation
hu in the L2-norm is O(h2) order. For this purpose, we ﬁrst introduce the Fortin
interpolation operator 
h which is used by [2,11,12,19].
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The Fortin interpolation operator 
h: [H 1()]2 → Hh is deﬁned as follows. Given a function v ∈ [H 1()]2, we
use the average of the component normal to the side of each triangle over that side to deﬁne a function 
hv ∈ Hh:∫
ei
(
hv − v)ni d= 0, ∀ei ∈ K, ∀K ∈ Th.
where ni is the outer unit normal to the side ei of K.
The following Lemmas 4.1 and 4.2 are exactly Theorems 3.2 and 4.1 in [2], respectively.
Lemma 4.1. Assume that the solution of the problem (1.1) with the Dirichlet boundary condition is an element of
H 3() and the triangulation Th is uniform. Then we have
‖u˜h −
hu‖0Ch3/2(‖u‖3/2, + h1/2|u|1, + h1/2|u|2,). (4.1)
From [2],we know that a triangulationTh is said to be uniform if any two adjacent triangles ofTh forma parallelogram.
Lemma 4.2. Assume that the solution of the problem (1.1) with the Neumann boundary condition is an element of
H 3() and the triangulation Th is quasi-uniform. Then we have
‖u˜h −
hu‖0Ch2(|u|1, + |u|2,). (4.2)
Combining Lemmas 4.1, 4.2 with (3.21) leads to the following superconvergence estimates between the vector
variable uh and 
hu.
Theorem 4.3. Assume that the solution of the problem (1.1) with Dirichlet boundary condition is an element ofH 3()
and the triangulation Th is uniform. Then we have
‖uh −
hu‖0Ch3/2‖u‖2,.
Assume that the solution of the problem (1.1) with Neumann boundary condition is an element of H 3() and the
triangulation Th is quasi-uniform. Then we have
‖uh −
hu‖0Ch2‖u‖2,.
Next, following Brandts [2], under the condition that the partition Th is uniform, we will construct a post-processing
for the function uh which will improve the order of approximation in the mixed covolume method. For any function
vh ∈ Hh, we deﬁne a function Khvh as follows:
(1) For the interior node P which is belonging to the common side of two triangles K1 and K2,
Khvh(P ) = 12 (vh|K1(P ) + vh|K2(P ));
(2) For the node on the boundary , which is the midpoint of the boundary edge of a triangle K, there exists at least
one K˜ ∈ Th such that R = K ∪ K˜ is a parallelogram. The straight line connecting the node P with the center Rc
of the parallelogram intersects the boundary of R in another point P˜ . Assume that Khvh has already deﬁned at Rc
and P˜ . Then
Khvh(P ) = 2Khvh(Nc) − Khvh(P˜ ).
(3) On each triangle K, the function Khvh is now deﬁned by linear inter-(extra-)polation of Khvh(Pi), i = 1, 2, 3,
where Pi are the midpoints of the edges of K.
Brandts [2] has proved that Kh
hu is a higher order approximation of u that 
hu itself.
Lemma 4.4 (see Brandts [2]). Let u ∈ (H 2())2, then for Kh
hu we have
‖u − Kh
hu‖0Ch2|u|2,.
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Combining Theorem 4.3 and Lemma 4.4, it is easy to conclude that the post-processor Kh improves the order of
approximation of uh.
Theorem 4.5. Assume that the partition Th is uniform triangulation. Let the solution p of (1.1) be an element ofH 3().
Then we have for the Dirichlet problem
‖u − Khuh‖0Ch3/2‖u‖2,. (4.3)
For the homogeneous Neumann problem we obtain
‖u − Khuh‖0Ch2‖u‖2,. (4.4)
Proof. The triangle inequality
‖u − Khuh‖0‖u − Kh
huh‖0 + ‖Kh(
hu − uh)‖0,
combined with the boundedness (independent of h) of the operator Kh on Hh (see [2] for details), Theorem 4.3 and
Lemma 4.4 give the assertion. 
Douglas and Robert [11], Raviart and Thomas [19] have established the superconvergence for the pressure variable
on the quasi-uniform triangulation for the problem (1.1) with the Dirichlet boundary condition: If the solution of (1.1)
is an element of H 3(), then
‖P 0h p − p˜h‖0Ch2‖p‖3,, (4.5)
where P 0h is the L
2
-orthogonal projection onto Lh.
Combining (4.5) with Theorem 3.3, we get easily the superconvergence for the pressure variable for the mixed
covolume method.
Theorem 4.6. Assume that the partition Th is quasi-uniform triangulation. Let the solution p of (1.1) be an element of
H 3(). Then we have for the Dirichlet problem
‖P 0h p − ph‖0Ch2‖p‖3,. (4.6)
Finally, based onTheorem 3.3 and theL∞-error estimates for the mixed ﬁnite element method developed by Gastaldi
and Nochetto [15], we give the L∞-error estimates for the mixed covolume method.
Gastaldi and Nochetto [15] have proved the L∞-error estimates for the mixed ﬁnite element method under the
condition that the regularity required for the solution u and f is minimal.
Lemma 4.7 (see Gastaldi and Nochetto [15]). Let f ∈ L∞() be given and (u˜h, p˜h) be the solution of (2.10). Then
‖u − u˜h‖0,∞ + | log h|−1‖p − p˜h‖0,∞Ch‖f ‖0,∞. (4.7)
In addition assume that f is piecewise-continuouswith amodulus of continuity(t)Cf | log t |−1 andu ∈ (W 2,∞())2.
Then
‖p − p˜h‖0,∞Ch(Cf + ‖u‖2,∞). (4.8)
Next, we will combine Theorem 3.3 and Lemma 4.7 to get the L∞-error estimates for the mixed covolume method.
For this purpose, recalling that div u = f, we assume that u ∈ H1(), div u ∈ H 1() ∩ L∞(), p ∈ H 1().
Theorem 4.8. Assume that (u, p) is the solution of (1.4) and u ∈ H1(), div u ∈ H 1() ∩ L∞(), p ∈ H 1(),
(uh, ph) is the solution of (2.13). Then there exists a positive constant C independent of h such that
‖u − uh‖0,∞ + | log h|−1‖p − ph‖0,∞Ch(‖f ‖0,∞ + ‖u‖1 + ‖div u‖1 + ‖p‖1). (4.9)
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In addition assume that f is piecewise-continuouswith amodulus of continuity(t)Cf | log t |−1 andu ∈ (W 2,∞())2.
Then
‖p − ph‖0,∞Ch(Cf + ‖u‖2,∞). (4.10)
Proof. The results can be derived in a straightforward manner by using Lemma 4.7, Theorem 3.3, the triangle and
inverse inequalities,
‖u − uh‖0,∞‖u − u˜h‖0,∞ + ‖u˜h − uh‖0,∞
‖u − u˜h‖0,∞ + Ch−1‖u˜h − uh‖0
Ch(‖f ‖0,∞ + ‖u‖1 + ‖div u‖1 + ‖p‖1). (4.11)
The estimate of ‖p − ph‖0,∞ can be derived in the same manner. 
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